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e Conjugate Gradient (CG)

e Bi-Conjugate Gradient Stabilized (BiCGSTAB)

e Generalized Minimal Residual (GMRES)
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e Block Scaling, Point Jacobi

e SAI (Sparse Approximate Inverse)

o Algebraic Multigrid (Algebraic Multigrid)

e Selective Blocking
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(a) SEND phase

(b) RECEIVE phase 15 6 7

Fig.5 Communication among processors (5,6,7)
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(a) Calling interface for communication among domains (1x1 scalar and 3x3 block)

1x1 Scalar
allocate (WS(NP), WR(NP), X(NP)

call SOLVER_SEND_RECV &
& (NP, NEIBPETOT, NEIBPE, IMPORT_INDEX, IMPORT_NODE, &
& EXPORT_INDEX, EXPORT_NODE, WS, WR, X , SOLVER _COMM, &
& my_rank)

3x3 Block

allocate (WS(3*NP), WR(3*NP), X(3*NP)

call SOLVER_SEND_RECV_3 &
&  ( NP, NEIBPETOT, NEIBPE, IMPORT_INDEX, IMPORT_NODE, &
& EXPORT _INDEX, EXPORT_NODE, WS, WR, X , SOLVER_COMM, &
& my_rank)

(b) Subroutines for communication among domains

- SEND phase

do neib= 1, NEIBPETOT
istart= EXPORT_INDEX(neib-1)
inum = EXPORT_INDEX(neib ) - istart
do k= istart+l, istart+inum
WS(k)= X(EXPORT_NODE(k))
enddo
call MPI_ISEND
(WS(istart+1), inum, MPI_DOUBLE_PRECISION, &
NEIBPE(neib), O, SOLVER_COMM, &
reql(neib), ierr)
enddo

- RECEIVE phase

do neib= 1, NEIBPETOT
istart= IMPORT_INDEX(neib-1)
inum = IMPORT_INDEX(neib ) - istart
call MPI_IRECV
(WR(istart+1), inum, MPI_DOUBLE_PRECISION, &
NEIBPE(neib), O, SOLVER_COMM, &
reqg2(neib), ierr)
enddo

call MPI_WAITALL (NEIBPETOT, req2, sta2, ierr)

do neib= 1, NEIBPETOT
istart= IMPORT_INDEX(neib-1)
inum = IMPORT_INDEX(neib ) - istart
do k= istart+1l, istart+inum
X(IMPORT_NODE(k))= WR(k)
enddo
enddo

call MPI_WAITALL (NEIBPETOT, reql, stal, ierr)

Fig.6  Communication procedures among domains in HEC-MW  (5,6,7,8,9]
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compute r®= p — Ax© for some initial guess x©
for i=1,2,...
solve M zG-D= rG-D (M: preconditioning matrix)

pi= ra-nT zG-»

if 1=1
p®= 7O
else
Bi-1= Pi-1/Pi-2
pd= zG-D 4 g, pG-D
endif
q®d= A p®

0= pia/ (PPOT qM)
x(M= x(-D 4 o, pd
rd= rG-1 _ g, q®
check convergence; continue if necessary

end

Fig. 7  Procedures in CG iterative method [1,2]
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(a) Matrix-vector products

do 1= 1, N
isL= INL(i-1) + 1
ielL= INL(1 )
WVAL= WW(i,R)
do j= isL, ieL
inod = IAL()
WVAL= WVAL - AL({) * WwW(inod,2)
enddo
Ww(i,Z)= WVAL * DD(i1)
enddo

do iI= N, 1, -1
SW 0.0dO0
isU= INUCI-1) + 1
ieU= INU(T )
do j= isU, ieU
inod = T1AUQJ)
SW= SW + AU(J) * WW(inod,Z2)
enddo
WW(i,2)= WW(i,Z) - DD(i) * SW
enddo

(b) Inner dot products

RHOO= 0.0
do 1= 1, N

RHOO= RHOO + WW(i,R)*WW(i,Z)
enddo

call MPI_allREDUCE (RHOO, RHO, 1, MPI_DOUBLE_PRECISION, &

& MP1_SUM, SOLVER COMM, 1ierr)
(c) DAXPY
do 1= 1, N
X (1) =X (i) + ALPHA * WW(i,P)
WW(i,R)= WW(i,R) - ALPHA * WwW(i,Q)
enddo

Fig. 8  Parallelization of typical processes in iterative solvers in
FORTRAN with MPl  (5,6,7,8,9]
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Fig. 9  Localized ILU(0) Operation: Matrix components whose column numbers are
outside the processor are ignored (set equal to 0) at localized ILU(0) factorization. For
example the element A on PE#0 has 6 non-zero components but only 1,2,3 are
considered and 4,5,6 are ignored and setto 0 (5,6,7,8,9]

17



compute r®= p — Ax© for some initial guess x©
for i=1,2,...

solve M zG-D= rG-1 (M: preconditioning matrix) Preconditioning

pi_g= r@-b1 zG-1 Comm.:Scalar—p- DOt Product (1)
if i=1

pM= z©O®

else

Bi-1= Pi-1/Pi-2

pM= zG-D + g, pG-D DAXPY (1)
endif

Comm.:Vector=——s

qid= A p® MATVEC
o= Pt/ (PIT ) Comm.:Scalar— DOt Product (2)
x(= x(-D + o, p® DAXPY (2)
r= G- _ o, g® DAXPY (3)

check convergence; continue if necessary

end

Fig. 10  Parallel CG iterative method by localized preconditioning in HEC-MW
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Table 1 Homogeneous solid mechanics example with 3x44° DOF on Hitachi
SR2201 solved by CG method with localized IC(0) preconditioning (Convergence
Criteria e=10).

PE # Iter. # sec. Speed Up
204 233.7 -
253 143.6 1.63
4 259 74.3 3.15
264 36.8 6.36
16 262 17.4 13.52
32 268 9.6 24.24
64 274 6.6 35.68
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T340 7
S

75.0

70.0 Lo 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 90 2 9

0 128 256 384 512 640 768 896 1024

PE #
Fig. 11  Parallel performance for various problem sizes for simple 3D elastic solid

mechanics on Hitachi SR2201. Problem size/PE is fixed. Largest case is 196,608,000
DOF on 1024 PEs. (Circles: 3x16° (= 12,288) DOF/PE, Squares: 3x32° (= 98,304),
Triangles: 3x40° (= 192,000)).
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Fig. 12 Parallel performance for various problem sizes for simple 3D elastic solid
mechanics on Xeon 2.8GHz Cluster. Problem size/PE is fixed. Largest case is 2,359,296
DOF on 24 PEs. (Black Circles: 3x16° (= 12,288) DOF/PE, White Circles: 3x32° (=
98,304)).
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(a) GFLOPS

(b) Parallel Speed-UP

(c) Parallel Work Ratio

Fig. 13
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Parallel performance for various problem sizes for simple 3D elastic solid

mechanics on Hitachi SR2201. Problem size/PE is fixed. Largest case is 6,291,456 DOF
on 64 PEs. (Black Circles: 3x16° (= 12,288) DOF/PE, White Circles: 3x32° (= 98,304)).
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1.5 Additive Schwartz Domain Decomposition

JRATILU (0) APLEEZZE(L S 2 FEE LT, @EklA——7 v 7k hniss
Schwartzfigi 43 %1%:  (Additive Schwartz Domain Decomposition, ASDD) [12) Z i /f L 7=,
ASDDOFIRITZLL T D EBY TH D ¢

(1) LAITFToORMEEZEKTS Mz=r ZZT M: BIAHESTY], rz: X7 kL, T
H5,

(2)  AERFEEAFig14 (@) (R T LI Q BLY Q, DAHKIZHHNTNDE D
EARET D &R AR ICRB W T, LT X 2 IZRAmICElE S b,

a1 a1
Zo = Mgl rgli Zg, = MQZ rQZ

(3)  JRFTHIRBIE A2 FEIT Lo bic, EEA—"—F v 7 Ty BEIO T,
ICBWCLLFOEEZFET 5 (Fig.14 (b)) :

n

_ on- -1 n-1 n-1
Zgl - Zgl + Mgl(rgl - Mnlzgl - Mrlzrl )

n _ ,n-l -1 n-1 n-1
ZQ2 - 292 + MQZ(rQZ - MQZZQZ - Mrzzrz )

Z 2 TnlXADSSD#RE Y I LI TH B,
(4) 2) BEO® 3) 7ot AEINK E TRV KT,

Table 2 |% ASDD DN H% 1.4 THEA L7z 3X44° HHEEO B2 FIRGERIC B 5 =k
TCRRIEBRMERRAT 238 L 7261 CH 2 o FHRIIE R AR B IE WA 7 % — @ Hitachi SR2201
EHA L7, TR LEZXL DIC, ASDD % L oAkl & & b I KE RN+ %
23, ASDD OEAIZL Y, —EIOKEFEH- Y OFEEIHNT 500, fEikssEnc
&b ) KAEREOBINT LT Ml S,
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(a) Local operation

Q, Q,
(b) Global nesting correction
Overlapped
Regions
< >
>
Ql Qz
<
I, I,

Fig. 14 Operations in ASDD for 2 domains  (12)
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Table 2 Effect of ASDD for solid mechanics with 3x44° DOF on a Hitachi SR2201.

NO Additive Schwarz

WITH Additive Schwarz

PE Iter. # Sec. Speedu Iter.# Sec. Speedu
# P P
1 204 233. - 144 325. -
2 253 143. 1.63 144 163. 1.99
4 259 74.3 3.15 145 82.4 3.95
8 264 36.8 6.36 146 39.7 8.21
16 262 17.4 13.52 144 18.7 17.33
32 268 9.6 24.24 147 10.2 31.80
64 274 6.6 35.68 150 6.5 50.07

Number of ASDD cycle/iteration = 1, Convergence Criteria ¢=107
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BEUMEICET RTLEFIE

1.6.1 ZRTNEFE(CDOLNT

(1) # =

PSSO S BRI A /T 567 7V r—ya ik, 1%, HRBEOIRWy
FIZOles OFRICHEETH L, AMRERECHEMMELZMGEITE, IR 770
=74 (Augmented Lagrange Method, ALM) & XF L7 g IERMEH SN D Z %<, Hifit
IR DR FMIIRERANT AT A BAEBAT L Lo TEREIND (9], M EEE
IZNewton-Raphsoniz (NRiE) (Z& > THBIL S, RIEMIZHEIIL TN D,

—WIZ, MOERREWITE, KE L EMERIFLEET 5 2 23 T&, Newton-Raphson
E@#%%%ﬁﬂ%féﬁ@@ﬁ@ﬁ@?éﬁ BREATHN OGN RKREL 2D, LR
ST, KEEY NVASA=DORORDT-DIZI3 L OREEZLEE T 5, RO R E VESME
MR AR < GBI 2 E Lhkﬁﬁ@mmb\HlJ%?E%%?):TTﬁ(T&)%f)

ILUNCR DRI FIEZ T 256, 20 X 9 BRI T 3t uE & L CTiEb
TOX>7b0ORHFHND :

o TumuyFxuU
e U Fill-in L~UL
o F—HULT

(2) Zayvxoy

SRIEFERDFORBBEICR N T, SEAHTY, ZHROENBR % BRE L LTE
S>TW5D, £Z T, Fig15lZ/R"T L H123X37 m v 7 IZBT e LUNME, A7 oy s
WCHEAT S, 2, ILVICRETLHED 7y 7k "—2 a3 o Thsh, 71w ZILU/IC
(BILU/BIC) AILELCTH D, ZDO LI RUBAEAT D Z LIk -»C, i b =HH
FEIXRIFRCHE SN D720, FHBEZMNICHETSHA L i LT X0 R a1
HAFHEL 72 D,

(3) FEULVFill-in L)L

%EUNT, BILU/BICHTALERIC 3\ TIHEW UL OFill-inz & &4 5BILU (n) /BIC (n) #fi
RBZOWTHRET S (In) (ZFill-inb~L), EHEETHEH SN 5 578ELUSE (250
I ADWEEE) OT AT XKTILUTFO@EY ThD !
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Gaussian Elimination
do 1= 2, n
do k=1, i-1
djk -= ajk/akk
do j= k+1, n
aij 1= aij - aikTaj
enddo
enddo
enddo

SERLUSRTIX, RO =L BEOFI-nARAET 5720, b & DITFINBTH5E42LU
IIRIZ K o THERR S 2 WITANTEATHN & e 2 R & 5. ILU (n) E721IC (n) X Iny
LAV OFI-nZ R T 5 FETH D, In) DENPREWIZE, SBOBEIZSE 2,
LV RE LERIEITIINE LN DM, FHEE, ATV 0ax MIFE D, LS
FlZBWTIE, FillinzZfFs T, AV T T8I LRI LB m i/ F — o 2 RFT 50T
DIZARTILU (0) /1IC (0) RIEED, ZROBLENBIKEH STV D,

ILU(0)
do 1= 2, n
do k=1, i-1
it ((1,k) € NonZero(A)) then
djk -= ajk/akk
endif
do j= k+1, n
it ((1,]J) € NonZero(A)) then
aij I= aij - aikrakj
endif
enddo
enddo
enddo

—7% Tn) LYULOFill-inZZ&34ILU (n) /IC (n) IEOT7 LI Y ZALFZLLTO®EY Th b
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ILU(n)
LEVi;=0 1f ((1,]J) € NonZero(A)) otherwise LEV;j= p+1
do 1= 2, n
do k=1, i-1
if (LEVik < p) then
djk -= ajk/akk
endif
do j= k+1, n
if (LEVij = min(LEVij,1+LEVik+ LEij) < p) then
aij 1= aij - aikTaj
endif
enddo
enddo
enddo

(4) Selective Blocking

Fill-in L ~UL 25 < & B IR AT, #EARRTEM 12 Selective Blocking) 5% BA%E L
7= (9], [Selective Blocking] ¥£I%, #MIERIZE > THREI N, T T7 I L V@<
By TN Ule TERME R 7 v—7) (9) 2B 2HiR0, @k 28iRE52ffo TR
7' v—=7" (ISelective Block] F7-i% lSuper Node]) (25 X oicA—XV 7L, ZD
[Selective Block ) NIZ 52 LU 23 FH 3 2 FIETh 5, —IRCMBEDO YA, & % [Selective
Block) (& ENHEIMEENBETH L, (3XNB) X (3XNB) 7' m v 7 IZfT 55E4LU
SRS B L 725 (Fig.l63 LOFiIgL72 M), 2F 0, RILBEEREO Y v A BWT, #
fib i 7V — BT A EARREICE U CIRE AN U H S b,

Z @ [Selective Block] ®%& % 51X, [Clustered Element-by-Element (CEBE) | 7:& 5\ &
Tay JICTIEEEU LD THD, TNHOFEY, SEEREEROTE RO 7 AH
— (Cluster) ([ZEIL, %7 7 A F —NICEHEENRLHEZEATL5D0TH DL, 7T AH
—ORESIHMEEICRSEZ VAR TH LN, RERFHFENEEHRLIODNT A —F L
LTHEXDHIENTED, CEBEIAILY 7 AX —DORE SPHIREEF CIZ/2 o AI10HE
BRELRISE RRT I ENTED, RO TAX —DREIHPRKREVIFELE LT2IL
HARFHALDD, Figl8lmd K ) ICEKEIZH T DR a2 MIHKT 5, R EFHE =
ARDRL—RAZIILT LOHETIIROD, 7 TAX—DOREINVRKEVIZTEBLT
R TH D,

[Selective Blocking] Tli¥, CEBEV:EZR EICEBIT 5T T AKX — |3 L 7 NV — 7 DI
ko ThREEND, A D7 T AX—DRKE SIXCEBEL & kT 5 & —fRINT/hE W,
BIZIE, EMEIR 7 L —TICE S R WEROSE, COFHRBMT [RES=1 /I X
KX —% T 5 Z L2/ b, [Selective Blocking) {EIZEIT 20 A 7 vHi-0 OFFEa A
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L, 77 AZ—RIOFill-inz ZE L7241, BILU (0) /BIC (0) &SIFIERZ%ETH S,

(5) &FEDFH

Table 31%, Fig.20lZ/ R T ARDOBIEIZOWT, 71 v 7 MOk O iS22V TMPC
(Multi-Point Constraint) ZefF2 38 L7z, SMEFHEITICOWTORRERER TH D, 3X37 1
v VAR ZE AT 5 Z L2 XY, Fill-inZBJE L2 WICIERTLEE (BIC (0)) IZ2THEWTH
A=10° DG AR E 2 FMi T 5 2 L WFRE L 225 72, Fill-inz2{E<L 5 Z Lok v, Higghx
IR A 152 Z L D3ARETH 573, SB-BIC (0) Aif&LEE (BIC (0) AifALEE & TSelective Blocking
F =V T EMBEDETZTFE)ICL Db ORRBNFENRR N L3> 72 (Table 3),

SB-BIC (0) (HIHK E COXEREELIEBIC (1) °BIC (2) (Fill-inL~L=1F /=200~
2y 7 ICRILEE) &IE L TEZ WS, —EIOREHTZY OFHHE 2 2 FAMEWTZ®, FHRERE
2372 < 72 %, SB-BIC (0) Tl, I'Selective Block] [ OFill-ini3 & & S #1CTk 597, [Selective
Block] NOFill-inDAEBE S TWH72, FHEa X b, MEAE Y &IIBEICHR 7 X 91
BILU (0) /BIC (0) LIZIERI%ETH D,

[Selective Blocking] % 35 & L 7= AiALERIZ X 2 Krylovs IE ISR TR & EEED N 7
Uy RREE R 2R TE 5, T7bb, #ifia 7 V—712B T 28812 LT,
AL B W CITE AN RN EH ST b, ZOFIEIIREEOHR, 2 7r—7
BV T CEBEOREVEDOW G E AT MELZZ DI LN TE D,
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1.6.2 MFFHEFE

JRPTILUN CRTALER TSN 22 W0 B RITALEE F5 T 5 23, BEERMAEICEE L IR E R FiE
TlX72\vy, Table 4/3Table 3T/RL7ZMEIZE A~ N 7 XIZBHL T, 8 PEDPCY 7 A X %
LT, RATICCGIEIC L » THtAEZEB LM TH 5, 728, FEISEIIMETISOHF O
k-way METISZfEFH L T\ 5, SHREFERICE D LT o ons & HIcaiEElb L,
A=10°D AR £ TORBERBD10E DA —F—THIM L TWD, T ALIE[R Ul s
TN—TET MR O SN DR (Thbb THMESR) 23, SEEHEENAATE
LTWA7eH, Znb0ilT ledge-cut] MAELTWDHTEDTHL EEZLND (9],

Z DX 97 Tedge-cut] Z RN 27, [ UREAELS 7V — 72 B3 D EiS 3236 ©
S BT 2 & O 2 RRER AR I A B FIE A BRI Lic, 61, M OARNEE L2
£ o7, AMEAESFES ST L (Fig.19),

Table 4 1%, Z O LWVEESEELZEHN L TELNLEEMKETH D, KEREKE, W
THORMHEFECEBNTHIERE B L TELIBA L TWD Z LBbnd,
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1.6.3 RUFIT—4

(1) # &

PR IS BRFE S U7 AT LS K OMEI A B FIE O & BEMEIZOWT,
FEO =Rt & U CRRGIE 2 20 L 7=,

Fig.20i%, SH—DfEXNSETH D, 3IHDOHMPIRT 0 v 7 bR S o35 (657
0y BT L, ZRTEMEBAT OO OBERFMECOVWTHBALZLDOTH S, =
OFEFITIE, LTIORT LI, #EL AR (Multiple Point Constraint, MPC) @ 4:{4
PR R 7 — T NO A RICEA ST b,

o B VN — T EMER T DA HER ORI —Th D,

o HEMENN N — T AR T AR ROEMIIZF BV TR STV 5,

o [ERIIFITRIT DU AR IS X, HIROERIIAETHY, LR
S CTHMIZEAT 5RO AETH D,

o ANFNT BT K DRSBTS SV — T AT DA E RIS SN D,
[111) BN 7 AEFEN Fig.2l 1R T L D ICKHE S 7 L — T OFEi sl X - TE
WEND, ZD T AEROMIMEIZAT VT 4 BICxed 5, Fig.22 (X pEffin
=T DITHIER A 7~ T, BHRD L 212 (XYy,2) = HROEMPFRI N TND,

NPT A BRRELR2DIFEE, BOBRGEM & 7225 BMRBATHI ORI R E <18 5,
LTl oT, XEAT A BPREL D E, KBEONRITENT S, ZOoXVFv—7
T D M B AR ITHRIE O FEIERENT CTh 223, 155 i 2N — Wk TR LI A R R &
fig < Gy L RIRRIC, BREIE TS 2 LIZNEETH 5, EITET LV EERSEIFILL T O@ Y
Ths:

o YU UHE=100, ATV H=030 D—FEMHENDLRD 3 ODT 0y 7 EHE LT
Do —RBIET A VXT A NY v 7 REREREZHEHL TN D,

o KTy I OERIZIH - Tk MPC &RENEH STV b, L= - T, Fig.22
IR T KD ICEBME SV — T IR T DRI R D (2 £72153),

e x=0BLVy=0 DHEIZBW T HEERSLMENEH STV D,

o x=Xmax £ LV y=Ymax OB W CITRERSEAITEH STz,

o z=0 DHIZEWTITFEEETER KN EHN ST D,

o z=Zmax DEIZHBWTIE z FIANZ —ERD A EL T BTN D,

o PEfIIICRI; DEEEABZE L WEAITE, REITAIIRHEE L D, LA
S T ARE (CCIE) DEHANARETH D,
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ZOHEFICBIT B ERZEOIRITZE COLERTH D,

Fig.23lZd & H OMENrE7 X, B AABICB T A2HE I 21—y (9) 12
SN DEHERIEREFF T2 A v v aTH D, ZOET/EKRE[NZ L— Mg (R
JRE) LihIART L— R (BVRE) D2oDESH DR SN TS, HisKki127,195
ThY, —RBIET A Y37 A N > 7 RHERER 2383UEN LRI NLTWD, g7
0y 7 BTV ERBROBERGFEZEH LT DA, ZOWEEHARET VLTI, z=Zmax?d
BT Dz ~OFE AR E TR <, FEFRIZZHANTKE Z-1.0DAFE A 5536
HEinTnd, £z, xBLOYFH~OMHRERSLMELHEH S TRy, EEBARET
LTI, FERZRORRIZIARAIT, FACL > TUIEFICRESEATVHILOLH D,
WYEIE S 7 vy 72TV ERIBEERTT, YU /=100, AT Y H=030ThH 5,

LIF, ZNH22REOFHEETT /VIZ OV T, 1PE (Compaq Alpha 21164/600MHz) (2 X -
T/NEBERIE A RN T2 354, B IESR22011ZEB W CTFlat-MPIEA 7 1 75 2 v 75 )L 24
L CFIb L 72356 O KB EB 2 -7,

(2) RUFT—0 | (BEHITAVIETIL)

FPBRANCFIQ20I TS 70 v 7 BT ICHONWT, RFLT 4 BERTA—2L LT,
K2 IR VB YR 2@ A U7, BHEIRLEEIR IS W C 3 L, Compag Alpha 21164/600MHz
EEHA L, ZOXCTFv—7TlE, UTOLIRETLVEMHEHLTND

e NX1=20, NX2=20, NY=15, NZ1=20, NZ2=20 (Fig.20 (a))
o FFEI=24000, HiS%=27,888, HHE%—=83,664

Table5 (a) IZXEEDOINARNEZ R LD TH D, XF AT 4 ENI0 L0 KE< D

EBIC (0) 13U L72< 72 %, BIC (1), BIC (2) &£SB-BIC (0) IX/A#EiPHDOF LT ¢ %k
WX L CEETH S, SB-BIC (0) IEBIC (1), BIC (2) & Eb#k L CUNH E T E UL
LV EHEKEFIZE LS, bR TH D,

VT, AALER TR DR ENE % M A OB A B /3402 53 & Sk (1,3) ISR ST
BICE > THERI L 72, Z 2 ClAlIR G & OREATHITH 0, [MIIEETLERATHI 075 T o
5.

SFRIEEITINC BT, St

K = Emax / Emin
CE>THEBND, 22 CEme EmnlZ[MI[AIDR K L ORANEAETH 5.,

Table5 (b) IZHAILEETIEICEWNT, a2 X7 4 BB L TE SN DEnaxy  Emin
BXO «DfETHD, Table 512k 5L, BIC (0) LIANORTEETFE T, ILFFHD T L
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T ABICBW T TOEAEIXIFIZER CETH Y, 1.00ICUV, BIC (1) &BIC (2) 725
IZSB-BIC (0) &L H#G L TET/HNEW « NMEHN 5,

3) RyFI—7 1l (AEBALXETI)

Fig. 2312”7 K D ICHEMELRTGR A S T2l B ARET /M DOWNWT, X7 4 AT A
— X L LT, Hx el FEEZEA U, FHRIXLFIEIC DWW T3 L, Compaq Alpha
21164/600MHzZEH L7z, 2O F~v—27 TliE, UTOLIRETAVEMFEHL TN ¢

Table 613 EDIACIRILE R L2 b D Th D, ~~F T 4 $310° L Y K& < 2% LBIC
(0) IR L7Z2< 725, BIC (1), BIC (2) &SB-BIC (0) (TIAHEPHD~F /LT 1 HIZxf
LTHRETH LM, BIC (1) EBIC (2) 13T /LT 1 Fs10%)s H 10NN+ % & g E]
BoEIN3 2% (BIC (1) 1320142 5259iZ, BIC (2) 1%1767>5232), SB-BIC (0) (IBIC (1),
BIC (2) &ML TR E CORMEEEITZ W AFHAKMITES, KRbIERMNTH D,

Table 7 134 RIALBEFIEICIB VT, Bix 22307 BB LT, [MIYA1D EA1E S fi
MOFFONDEmy, Eminds TN k DIETH S, SB-BIC (0) ([ZOWTIE~FT AT 1 FhZEAk
LTYH, Emaw EminB LY« OEIZEL L2V, BIC (1) &BIC (2) 22\ Tk, 7
VT 4 BRSO B10NTHIINT B &k DIEAEIINT 5, Z 4L Table 6127k L7ZBIC (1) &
BIC (2) OREEENBHMLI-DICHIELTWS, ZOHREFITIE, FBRBIES 7o v
BTN EHRT 2 ERITERETH Y, Ay aBIRLAHAITEATWDEI DL H D,
EROEL, BEATHIAL [MI'AIOBEA A ICEBEIC BT 5, SB-BIC (0) 120
EIORFHTFIZBONTHLREL TN,

57 vy 7 BLOWEEBAKOWTNDOETLIZEBNT S, [M]A]D ST AT
FIEOIFMEOFHMICELLD/NT A =2 Th D, g7 my 77 /MIBWTIE, BIC (1)
B ELUBIC (2) (ZBF 2 5&M40ESB-BIC (0) O &bk L T/hE <, PIRE TORIEMR
i3/ (Table 43 K UTable 5), —7J5, Pafd HAET TRV TIE, ~*F LT 1 $as10t
FbHR&E< DL, BIC (1) BLOUBIC (2) 1ZBIT 5 5M4%0ISB-BIC (0) oLV
HRELRDN, PORE TOREREIT D720y (Table 635 L UTable 7)
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1.6.4 KRREAF|EHE

(1) s IaovyoyETIL
Fig20lRd M5 7 1 v 7 EFMCONT, KMBEHEZ R L, UIFO X REF L
EHLTWS

e NX1=70, NX2=70, NY=40, NZ1=70, NZ2=70 (Fig.8 (a))
o BIFEH=784,000, HiS%=823,813, HHEH=2471,439

BFERTLERFHEIZDOWT, x0T 07  BUTR L CIAIGHR £ 92k L 7=, AR IS
blzo>TIE, 163 T/ #EAMEM S E FEL2 MM L, fREICHI> TR
SR2201%16~128 PE i L7, WH|7'm 2/ T I 7EF7 /L& L TiEFlat-MPIZfEH L7z,

Table 813128 PEZ i ] L 7= 45A O HATLERIZ BT 25 EMBR TH 5, T LT 1 50
10° kW k&< B EBIC (0) TR LAL 2%, BIC (1), BIC (2) £SB-BIC (0) IF/A
FHOF LT o $ICKk L TLETH D, SB-BIC (0) 1EBIC (1), BIC (2) &bk LTI
WE CORBEENIZ VD FERHITE S, RbEMTHD, Table 9& Fig.12iX[F LR
& PERL 167> 5128 F TEAL S THWZIGA O/ R TH S, BIC (1) 1FPEXA64 LY
INEWE AF Y RETEINT, BIC (2) ICE - TIX128 PEOBREDHHREMNAIRETH - 72,
Table 9& Fig.2472H002% K 912, BIC (0) £SB-BIC (0) IZ¥\\T, PEF#167>5128IC
b &5 &, JRATATLEE DR 2 C B EEIIIE KT %23, 16 PEA> 5128 PETOINIX11%
FRETHD, I6PEQEAZIEUEL T2 L, 128PEIZHIT HMNHE=R1T120LL ETH 5,

Fig 25| XA ATALEEFIEIC BT HMEAE Y A XL TR L2 D THDH, HAIL
SR2201D% 7t v DA EV[F256MBTH D, ZDHHLT 7V r—3 a UZFIHATEE
72DIT224MBTH 5, flz1E, BIC (2) 13144 GBOAEY M LT 57, 64 PETIIAI
FHAlREA £ Y OAFHE, 224MBX64,71000=14.34GBTdH 57, 64 PETIZEI 20N &
9 Z LT, SB-BIC (0) OMEAEYKREIFIBIC (0) LIZEFRLUTHY, BIC (1) @
50%LL T, BIC (2) MD25%FRETH 5, SB-BIC (0) DM AT U REITHEMBEZE DK,
% [Selective Block] DA X2 K-> TEEL 9 DM, WThilw Xk, BIC (1) <BIC (2)
LIRS D LT,

(2) EEAXETIL

PR A AE T /WD T, SB-BIC (0) RILERA(EM LT, KBS FIGHE 2 5hE L 7=,
FHRIZ®H 72 o TILHLSR2201%16~128 PE i L7, Fig.23ll”d A vy a%k /7 m—r3L
\Z2[El 53 b L1 5 417-997,4225i i, 960,509 5% DfFNTET V2 L=, B BEKX
2,992,264 TdH 5,

Table 10& Fig.26/%[A] UMM 2 PE£X 216/ 5128 F TAL S ¥ THEW A ORETH 5,
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BIC (0) XSB-BIC (0) IZBW\T, PEMZ1675128I1C(S W5 &, RFTRTLELO AT
BRI RT H 05, 16 PED 5128 PETOHINITISWFEEE Th 5, 16 PEDOSFA 2 FiiE b
95 &, 128PEIZRIT D IEERIZI07TTH 5,
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Table 3 Iterations/computation time for convergence (¢=10") on a single PE of Intel
Xeon 2.8 GHz by preconditioned CG for the 3D elastic fault-zone contact problem in
Fig.20 (83,664 DOF).: BIC(n): Block IC with n-level fill-in, SB-BIC(0): BIC(0) with
the selective blocking reordering.

Preconditioning A Iterations Set-up Solve Set-up+Solve Single Memory
(sec.) (sec.) (sec.) Iteration Size (MB)
(sec.)
Diagonal 10 1531 <0.01 75.1 75.1 0.049 119
Scaling 10°  No Conv. - - - -
IC(0) 10 401 0.02 39.2 39.2 0.098 119
(Scalar Type) ~ 10°  No Conv. - - - -
BIC(0) 10 388 0.02 374 374 0.097 59
10° 2590 0.01 252.3 252.3 0.097
BIC(2) 10 77 8.5 11.7 20.2 0.152 176
10° 78 8.5 11.8 20.3 0.152
BIC(2) 10 59 16.9 13.9 30.8 0.236 319
10° 59 16.9 13.9 30.8 0.236
SB-BIC(0) 10° 114 0.10 12.9 13.0 0.113 67
10° 114 0.10 12.9 13.0 0.113

35



Mp=g where M=(L+D)D *(D+U)
Forward Substitution
(L+D)p= q : p= D*(g-Lp)
Backward Substitution
(1+ D™ U)Pnew= Pora : Pp= p — D Up

do i= 1, N

SWl= Z(3*i-2)

SW2= Z(3*i-1)

SW3= Z(3*1i )

isL= INL(i-1)+1

ieL= INL (1)

do j= isL, ieL

k= IAL(J)

Xl= Z(3*k-2,2)
X2= Z3*k-1,7Z)
X3= WW(3*k ,Z)
SWl= SWl - AL(1,1,3)*X1 - AL(1,2,7j)*X2 - AL(1,3,7)*X3
SW2= SW2 - AL(2,1,3)*X1 - AL(2,2,3)*X2 - AL(2,3,3)*X3
SW3= SW3 - AL(3,1,j)*X1 - AL(3,2,7)*X2 - AL(3,3,j)*X3

enddo

S Full LU factorization
X2= SW2 for 3x3 block
X3= SW3

X2= X2 - ALU(2,1,i)*X1

X3= X3 - ALU(3,1,1)*X1 - ALU(3,2,1)*X2

X3= ALU(3,3,1i)* X3

X2= ALU(2,2,1i)*( X2 - ALU(2,3,1i)*X3 )

Xl= ALU(1,1,i)*( X1 - ALU(1,3,1i)*X3 - ALU(1,2,1i)*X2)
WW(3*i-2,2) = X1

WW(3*i-1,7Z)= X2
WW(3*i ,Z)= X3
enddo
WW (:,Z) : work vector
INL (:) : coefficient index of the lower triangular matrix (LTM)
IAL(:) : connected nodes of LTM
AL (3,3,:): 3x3 coefficient matrix component of the LTM
ALU(3,3,:): 3x3 LU factorization for each 'node’

Fig. 15  Procedure of the 3x3 block ILU(0) preconditioning: forward substitution
[9]
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(a) Initial Coef. Matrix ‘
finstrongly coupled groups N\
(each small square:3X3) N

(b) Reordered/Blocked Matrix

Fig. 16  Procedure of the selective blocking : Strongly coupled elements are put into
the same selective block. (a) searching for strongly coupled components and (b)
reordering and selective blocking. Full LU factorization procedure is applied to each
selective block. Coupled finite-element nodes in contact groups can be solved in direct
method during preconditioning procedure. In SB-BIC(0) (BIC(0) preconditioning
combined with the selective blocking reordering), no inter-block fill-in is considered.
Only inter-node fill-in in each selective block is considered in SB-BIC(0) [9].
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do ib= 1, NBLOCKtot
NBOsize= BLOCKstack (ib) - BLOCKstack (ib-1)

(FORWARD SUBSTITUTIONS)
do i= 1, NBOsize
ii= i + 1iBS
WVAL1= 0.d0
WVAL2= 0.d0
WVAL3= 0.d0
do j= 1, NBOsize
WR1= WKB(3*j-2)
WR2= WKB(3*j-1)
WR3= WKB(3*j )

WVAL1= WVAL1 + ALU(3*i-2,3*j-2,ib) * WR1 &
& + ALU(3*1-2,3*j-1,1ib) * WR2 &
& + ALU(3*i-2,3*j ,ib) * WR3
WVAL2= WVAL2 + ALU(3*i-1,3*j-2,ib) * WR1 &
& + ALU(3*1-1,3*j-1,1ib) * WR2 &
& + ALU(3*i-1,3*j ,ib) * WR3
WVAL3= WVAL3 + ALU(3*1i ,3*j-2,1b) * WR1 &
& + ALU(3*1 ,3*3-1,1b) * WR2 &
& + ALU(3*1i ,3*j ,ib) * WR3
enddo
WW(3*1i-2,Z)= WVAL1
WW(3*ii-1,2Z)= WVAL2
WW(3*1ii ,Z)= WVAL3
enddo
enddo

Fig. 17  Procedure of the selective blocking: Full LU factorization procedure for a
(3xNB) x (3xNB) size selective block. [9]

Time for One lteration
Cycle

0
c
e
[ .
o) Total Time for
e Convergence ?
Q ~
£ So
[ S o
~
~
- ~ ~
Iterations for S o
Convergence

-----...»
Size of Block

Fig. 18  Trade-off between convergence and computational cost per one iteration
cycle according to block size in CEBE type method.
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Table 4 Iterations/computation time for convergence (¢=10") on 8 PEs of Intel Xeon
2.8 GHz cluster by preconditioned CG for the 3D elastic fault-zone contact problem
(83,664 DOF).: BIC(n): Block IC with n-level fill-in, SB-BIC(0): BIC(0) with the
selective blocking reordering. Effect of repartitioning method in Fig.20 is evaluated.

ORIGINAL Partitioning IMPROVED Partitioning
Preconditioning A Iterations  Set-up+Solve Iterations  Set-up+Solve
(sec.) (sec.)
BIC(0) 102 703 75 489 5.3
10° 4825 50.6 3477 37.5
BIC(1) 102 613 11.3 123 2.7
10° 2701 47.7 123 2.7
BIC(2) 102 610 19.5 112 4.7
10° 2448 73.9 112 4.7
SB-BIC(0) 10° 655 10.9 165 2.9
10° 3498 58.2 166 2.9
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o0 O 0 o
o0 0 0 o —
BEFORE repartitioning
o0 0 0 o _ _
.......................................................... Nodes in contact pairs are on
O—O—O——0O——0O separated domains.
O—O—0O—C0O——0

AFTER repartitioning

Nodes in contact pairs are on
same domain but inter-domain
.............................................................. |Oad |S not balanced

o—O0 0 0 o
o—0 0 0 ° —
RO SRNEEN SRRPRNR..... AFTER repartitioning &
e—0 - O— 00— load-balancing
oo (OO Nodes in contact pairs are on
same domain and load is
O—O—CO—C0O——=0 balanced.

Fig. 19  Partitioning strategy for the nodes in contact groups [9]
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z= NZ1+NZ2+1

7= NZ1+1
7= NZ1
X
—
N
/ <
z=0 >
A N1 AA  NX2
— —
+ +
— — N
x x x
o Z Z Z
U 4 | & 5
x
P

MPC at inter-zone boundaries

Symmetric condition at the x=0 and y=0 surfaces
Dirichlet fixed condition at the z=0 surface
Uniform distributed load at the z= Zmax surface

(a) Model and boundary conditions

%ﬁ

o K
T

s
%I‘

(b) Node, elements and contact groups

Fig. 20  Description of the simple block model [9]
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—— 00—

OO
00—

OO

—oo— LS5

put 111-type element with Large stiffness for contact pairs.

Fig. 21  111-type element (Rod/Beam) is put in each contact group and very large
stiffness corresponding to penalty is applied [9]
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3 nodes form Au,= Ay,
1 selective block. A= Ay,
}\‘uzo = A U,

2 nodes form
1 selective block.

Fig. 22  Matrix operation of nodes in a contact group [9]
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Fig. 23  Description of the Southwest Japan model This model consists crust (dark
gray) and subduction plate (light gray). 27,195 nodes and 23,831 tri-linear (1st order)
hexahedral elements are included [9].
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Table 5 (a) Iterations/CPU time (includes factorization) for convergence (¢=10®) on a
single PE of COMPAQ Alpha 21164/600MHz by preconditioned CG for the 3D elastic
contact problem for simple block model with MPC condition in Fig.8 (83,664DOF).:
BIC(n): Block IC with n-level fill-in, SB-BIC(0): BIC(0) with the selective blocking

reordering.
Preconditioning A Iter # sec.
BIC(0) 10 388 202.
10* No Conv. N/A
BIC(1) 10 77 89.
10° 77 89.
10" 78 90.
BIC(2) 10 59 135.
10° 59 135.
10" 60 137.
SB-BIC(0) 10 114 61.
10° 114 61.
10" 114 61.

Table 5 (b) Largest and smallest eigenvalues (Emin, Emax) and k= Epax/Emin Of [M]*[A]
for a wide range of penalty parameter values: 3D elastic contact problem for simple
block model with MPC condition in Fig.20 (83,664DOF).

Preconditioning  A=10? A=10° A=10"

BIC(0) Emin 4,845568E-03 4.865363E-07 4.865374E-11
Enmax 1.975620E+00 1.999998E+00 2.000000E+00
K 4,077170E+02 4,110686E+06 4,110681E+10

BIC(1) Emn 8.901426E-01 8.890643E-01 8.890641E-01
Emax 1.013930E+00 1.013863E+00 1.013863E+00
K 1.139065E+00 1.140371E+00 1.140371E+00

BIC(2) Emin 9.003662E-01 8.992896E-01 8.992895E-01
Emax 1.020256E+00 1.020144E+00 1.020144E+00

K

1.133157E+00

1.134388E+00

1.134389E+00

SB-BIC(0) Emin
Emax

K

6.814392E-01
1.005071E+00
1.474924E+00

6.816873E-01
1.005071E+00
1.474387E+00

6.816873E-01
1.005071E+00
1.474387E+00
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Table 6  Iterations/CPU time (includes factorization) for convergence (¢=10®) on a
single PE of COMPAQ Alpha 21164/600MHz by preconditioned CG for the 3D elastic
contact problem for Southwestern Japan model with MPC condition in Fig.23
(81,585DO0F).: BIC(n): Block IC with n-level fill-in, SB-BIC(0): BIC(0) with the
selective blocking reordering.

Preconditioning A Iter # sec.
BIC(0) 10 344 172.
10* No Conv. N/A

BIC(1) 10 201 192.
10* 256 237.

10° 256 237.

108 258 240.

10% 259 241,

BIC(2) 10 176 288.
10* 229 360.

10° 230 361.

108 230 361.

10% 232 364.

SB-BIC(0) 10 297 149.
10* 295 148.

10° 295 148.

108 295 148.

10% 295 148.
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Table 7 Largest and smallest eigenvalues (Emin, Emax) and k= Epax/Emin 0f [M]*[A] for
a wide range of penalty parameter values: 3D elastic contact problem for Southwestern
Japan model with MPC condition in Fig.23 (81,585DOF).

Preconditioning  A=10° r=10* A=10° A=10""
BIC(0)  Emin 1.970395E-02 1.999700E-04 1.999997E-06 2.000000E-10
Emax 1.005194E+00  1.005194E+00  1.005194E+00  1.005194E+00
K 5.101486E+01  5.026725E+03  5.025979E+05  5.025971E+09
BIC(1)  Emin 3.351178E-01 2.294832E-01 2.286390E-01 2.286306E-01
Emax 1.142246E+00  1.142041E+00  1.142039E+00  1.142039E+00
K 3.408491E+00  4.976580E+00  4.994944E+00  4.995128E+00
BIC(2)  Emin 3.558432E-01 2.364909E-01 2.346180E-01 2.345990E-01
Emax 1.058883E+00  1.088397E+00  1.089189E+00  1.089196E+00
K 2.975702E+00  4.602277E+00  4.642391E+00  4.642800E+00
SB-BIC(0) Epmin 2.380572E-01 2.506369E-01 2.507947E-01 2.507963E-01
Emax 1.005194E+00  1.005455E+00  1.005465E+00  1.005466E+00
K 4.222491E+00  4.011600E+00  4.009117E+00  4.009092E+00

Table 8 Iterations/elapsed execution time (includes factorization, communication
overhead) for convergence (¢=10®) on a Hitachi SR2201 with 128 PEs using
preconditioned CG for the 3D elastic contact problem for simple block model with
MPC condition in Fig.20 (2,471,439 DOF). Domains are partitioned according to the
contact group information.: BIC(n): Block IC with n-level fill-in, SB-BIC(0): BIC(0)
with the selective blocking reordering.

Preconditioning A Iter # sec.
BIC(0) 10 998 118.
10* No Conv. N/A

BIC(1) 10 419 98.
10° 419 98.

10" 421 99.

BIC(2) 10 394 171.
10° 394 171.

10" 396 172.

SB-BIC(0) 10° 565 71.
10° 566 71.

10" 567 72.
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Table 9 Iterations/elapsed execution time (includes factorization, communication
overhead) for convergence (¢=10®) on a Hitachi SR2201 with 16 to 128 PEs using
preconditioned CG for the 3D elastic contact problem for simple block model with
MPC condition in Fig.20 (2,471,439 DOF). Domains are partitioned according to the
contact group information.: BIC(n): Block IC with n-level fill-in, SB-BIC(0): BIC(0)
with the selective blocking reordering.

A=10°

Preconditioning 16 PEs 32 PEs 64 PEs 128 PEs

BIC(0) iters 956 975 986 998
sec. 919 469 236 118
ratio 16.0 314 62.5 124.4

BIC(1) iters 396 419
sec. N/A N/A 190 98
ratio 64.0 124.3

BIC(2) iters 394
Sec. N/A N/A N/A 171
ratio -

SB-BIC(0) iters 508 529 541 565
sec. 540 282 144 71
ratio. 16.0 30.7 60.2 120.7

A=10°

Preconditioning 16 PEs 32 PEs 64 PEs 128 PEs

BIC(1) iters 395 419
sec. N/A N/A 190 98
ratio 64.0 124.2

BIC(2) iters 394
Sec. N/A N/A N/A 171
ratio -

SB-BIC(0) iters 510 532 543 566
Sec. 542 283 144 71
ratio 16.0 30.6 60.5 121.9
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Fig. 24 Parallel performance based on elapsed execution time including
communication and iterations for convergence (¢=10") on a Hitachi SR2201 with 16 to
128 PEs using preconditioned CG for the 3D elastic contact problem with MPC
condition (A=10°) in Fig.20 (2,471,439 DOF). Domains are partitioned according to the
contact group information. (White Circles: SB-BIC(0), Black-Circles: BIC(0)).
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100

- 128 PEs: 28.7GB

- BIC(2): 14.4GB
u 64 PEs: 14.3GB

0 L BIC(1): (%.3968

GB

32 PEs: 7.17GB

i SB-BIC(0): 3.52GB
i ° A |gm 16 PEs: 3.58GB

BIC(0): 3.10GB

8 PEs: 1.79GB

Fig. 25  Required memory size of CG solvers with various types preconditioners for
the 3D elastic contact problem with MPC condition (A=10°) in Fig.20 (2,471,439 DOF)
and available memory size on Hitachi SR2201 (Black-Circles: BIC(0), White-Circles:
BIC(1), Black-Squares: BIC(2), White Triangles: SB-BIC(0)).

Table 10 Iterations/elapsed execution time (including factorization, communication
overhead) for convergence (¢=10®) on a Hitachi SR2201 with 16 to 128 PEs using
SB-BIC(0) CG for the 3D elastic contact problem for Southwest Japan model with MPC
condition (A=10°) in Fig.23 (2,992,264 DOF). Domains are partitioned according to the
contact group information.

Preconditioning 16 PEs 32 PEs 64 PEs 128 PEs

SB-BIC(0) iters 1665 1686 1710 1912
sec. 1901. 993. 506. 284.
ratio 16.0 30.6 60.1 107.2
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Fig. 26  Parallel performance based on elapsed execution time including
communication and iterations for convergence (¢=10") on a Hitachi SR2201 with 16 to
128 PEs using SB-BIC(0) CG for the 3D elastic contact problem with MPC condition
(A=10°% in Fig.23 (2,992,266 DOF). Domains are partitioned according to the contact
group information.
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1.6.5 Sparse Approximate Inverse (SAl)
SAT X DEELFAT51) TH Y, LITIRT (1.7-1) Ofe/h ZRREEIC X - TREATSI
A OWATHN Z IS5 L 9 ZRATLEITH M 2RO 5 b D TH S -

n
min HAM_1 - EHFZ = kz mTirR]” |Amy - ek||22 (1.7-1)
=1

2L, R R md3ATHI MO k BIH OBy, X7 kL e iIZHNATHIE @ k B H OF]
W ERLTND, X7 b m (30 7-1) 0D ZfAMET 5 L 9 ISsROIIE LV,
HEEZRD SE L0, H 52 CORTMEITHI M O o EHOSFT20E L TR E,
ZOIPuEKZOLZRV T L2 ELS, RO ALEL LT, ATAETH M*
DI ERONEZREATIIA LRI CICT 22 & TH D, ILURATLEE & [, Fill-in
AR, ATABATHI M oMERIRm BT 5, FHEE, REARL LICHNT 5, ATARE
175 MY DI uEHREDOITA T v 7 2HEE % ), ) OF 2 DITA VT v 7 ATHIET 53k
BoBEROY A T v 7 2EEE I LT 5L, N(L7T-Did:

n

Y. min A0, DM - e D)2 (1.7-2)

=y m(@)eR
PR ZLICjE xS, 2T (1.6-2) 1F, nAD IXI KD E/N_FiE

min_[AQ, Dm@ - e}, @ <k <n) (1. 7-3)

m.()eR’

DFEEMIATR D) Z LN TEX B0, K (1L7-3) OFh " RMEE % CPU (1% E
DYUTT, WHNSRHET D Lvalges 2D, X (1.7-3) O/ M Givens [AIH:1T
F %8 LT QR DRIC & » TIEL Z L WHRETH 5,

HEC-MW Ci% LAPACK ¢ DGELS (13] ZfEH L T\ 5,

Fig.15 (2”97 1w 7 [ OHARRE (9) 125\ T, SAI &3 L CRHA L, foRiiiz
FE & g U726 % 73, Fig.20 (Z/n 3 HEfih 7 L —~ (Contact Groups) % A3 % Eisic
RFNVT o FEEBRT H5A, WHREEICB WX S Ofi S8 F U Eicdh 554
(coupled partition) (ZULRDFHNZ 2 35 5TV (9), WIS, [F UREIE Fic /20 a
(decoupled) XU AFER ITHEEL Y, Table 1112779 K 512, SAlIL Idecoupled partition] @
S b BAFRINR A2 R 2 &R bind, Table 12 [ZRT X518, ioFiEL KL T,
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[set-up) IR ZZEL TWAD 50D, MRRIFRINKZRLTNWDZ &b, fIHY]
DINTA—=BE/NSLTHIEIZE ST, KERBIIRE DA, FHEIFERIXEMNT 5,

Table 11 Comparison of preconditioners for simple block prblem with 27,888 nodes
(83,664 DOF), SAI works well for 8PE case in "decoupled" partitioning, Xeon 2.8GHz

Cluster.

1 PE

SAI/GPBiCG SA1/BiCGSTAB SB-BILU(O)CG BILU(1)-CG
ITERs 190 187 114 78
set-up 10.7 10.7 <0.01 8.2
solver 23.9 17.3 18.6 11.7
8 PEs (decoupled)

SAI/GPBiCG SA1/BiCGSTAB SB-BILU(O0)CG BILU(1)-CG
ITERS 191 193 3498 2701
set-up 1.0 1.0 <0.01 0.5
solver 4.1 3.0 56.9 46.9

8 PEs (coupled)

SA1/GPBiCG

SAI1/BiCGSTAB

ITERS 166 123
set-up <0.01 0.5
solver 2.8 2.2

SB-BILU(0)CG BILU(1)-CG

Table 12 Comparison of preconditioners for simple block prblem with 2.4M DOF,
coupled partittioing, Xeon 2.8GHz Cluster with 32 PEs.

SAI/BICGSTAB
Time BIC(l)-CGBIC(Z)-CGSB_ggC(O)
0.20-0.20{0.10-0.100.05-0.05
ITERs | 382 333 535 843 671 545
Solver | 87.4 | 1176 | 1240 | 136.0 | 1217 | 1191
SeLUpt | 1he5 | 1406 | 1240 | 1552 | 1427 | 2002
Solver
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2. VI bz TOERE

2.1 #f =
AREFERIE LT THIE Y L 8—] BERETIE, Table 13 TR d & 9 7pfifys, R TFEL
AT 22 ENAHETH D,

Table 13  Awvailable solvers and preconditioning methods in
hecmw-PC-cluster (red circles: recommended methods)

O
()

BiICGSTAB GPBICG GMRES

ILU(O)
1D | P-Jacobi
SAl
BILU(O)
BILU(1)
2D | BILU(2)
B-Jacobi
SAl
BILU(0)
BILU(1)
BILU(2)
B-Jacobi
SAl
S-B

3D

O|0|0 e e
Oo|l0|C|@ e

©)
©)

O] O0Cee OOCee Oe

R&EL DT, 1D (IHiAIEBE), 2D (1HA2EHE), 3D (BHiA3HME) O3MHD Y
NNR—=%4 ) ZENTE, FHREOBHREZTry 7feshTHRbAL TV,
&Y NR—DIFO UIE, Fig 16177 X918, UTOFIETEEIND -

e EVa—/b Thecmw| PDuse

ER TheemwST_local _mesh| , [hecmwST _matrix| DEZE

H 7 )L —F > Theemw_solve_init] &K% B FIHIL

7 —F > Theemw_solve NN (1D:NN=11, 2D:NN=22, 3D:NN=33)] |Z X B

ZDH B, Theemw_solve NNJ IZ2DWTHE, REINR—=V g 0Tl — &Nz v 2 72— A
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THEHATELEIIERT L TETH D,

use hecmw
type (hecmwST_matrix) .. hecMAT
type (hecmwST local mesh) :: hecMESH

6éll hecmw_solve_init (hecMAT)

“call hecmw_solve 33 (hecMAT. hecMESH)

Fig.28  How to use linear solvers in HEC-MW
ST, WHEREMB YT —F L LT

o HHIFLEIS :
hecmw_update_1_R
hecmw_update_2_R
hecmw_update_3_R
hecmw_update_m_R
e MPI_ALLREDUCE A4

< hecmw_allreduce_R

< hecmw_allreduce_I
e  MPI_BCAST tH4

<> hecmw_bcast_R

<> hecmw_bcast_1I

<> hecmw_bcast_C
e  MPI_BARRIER #H4

<  hecmw_barrier

REDFTN—F L 2FMT 5 ENTED, ZHDIE, WL OF T —F > Z NI
CH L TODA, WPT ZEHEIES LD HIXD NP2 VE I CESICHEAT 5 Z &N TE D,
FIVEDFEAML, (2.3 API) (TR,
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22 ERE

Fig. 17 IZ HEC-MW 2 L7 FEM 72 75 LD A A VB ThH D, KFETENPNLTWD
BT N—F P HEC-MW THR— ML TWEY T N—F o Thbd, YA N—EMHT L0
2, FIHERLL R TR bR &id

o fRE~ N7 AORIBHENZ MR L, NEZERT D,
o R, RTLEE, RERBEFICEDL NI A—F2EERT D,

ZETHD, UTFICENEFNIZOWTRT,

program psan _main
use m_psan

implicit REAL*8 (A-H,O-2Z)

type (hecmwST local mesh) :: hecMESH

type (hecmwST matrix ) :: hecMAT

type (psan solid ) :: psanSOLID

type (hecmwST result data) :: psanRESULT
character (len=HECMW_FILENAME LEN) :: name_ ID

call hecmw init()

name ID='psanMSH'
call hecmw get mesh(name ID, hecMESH

name ID='psanCNT'
call hecmw ctrl get control file(name ID,cntfilNAME
call psan_ input cntl (hecMESH, hecMAT

call psan init prop (hecMESH, psanSOLID)
call psan mat con (hecMESH, hecMAT)

call psan mat ass(hecMESH hecMAT, psanSOLID)

call hecmw solve 33 (hecMESH, hecMAT)

call hecmw update 3 R hecMESH, hecMAT%X, hecMATS%NP)
call psan output3d(hecMESH, hecMAT, psanSOLID)

call psan post (hecMESH, psanSOLID
call psan make result (hecMESH, psanSOLID, psanRESULT

call hecmw init for visualize
call hecmw visualize( psanRESULT, 0, 0, O0)
call hecmw finalize for visualize
call hecmw finalize()
end program psan_main
Fig.17  FEM procedure developed on HEC-MW
(Subroutines in bold letters are provided by HEC-MW)

56



(1) BB LI RADER

HEC-MW (Z351F D288 Y W SDARHE~ N Y 7 ZADMEMMIEEX, "— Ry =T7ICk>TERRD
2, Theemw—PC-cluster ver2. 1] Tl¥, —RITEMEFTEEITF] (Compressed Row Storage, CRS,
http://www. netlib. org/templates/index. html, [(2)) ORI L > T35, Fig. 18 2%
O E AT, BT ARGy, *ADER 2 ORFNEH L THWDLORFFETH D, =
DEIRTFIEIZE T, FEXAMSOED, BRIZL > TRALD LS R ABAIZRITINICE
WThH, FR/NROGERETHRE~ N 7 AZRBEIEHZ LN TE S, Fig. 19 1261 (1D
DYE) ZRT,

Fig. 191X 1D OFETHSH25, 2D, 3D OLGEITFRHAIZ 2 F2T 3 OBEBHENERI N
5y Lo T~ MU 27 Z2DFS (hecMAT%D, hecMAT%AL, hecMAT%AU) (ZBWTix, 4 £7-
X9 OERNEZRIND, HEC-MN TE ATV 77 BAOAHERL T 7201, ZNHDHE
FET7y 7L TELDTHMY Y, —RICESINHEMH L TWD, L7ed> T, iz,
2D DA T =AKS O k & B OB TiE AL (4k-3), AL(4k-2), AL(4k-1), AL(4k) O 4
RO D3 E 2 S AL, 3D DA E= AR5 O m 3 H OEFE TIX AUOD-8), AUOm-7), AU(9m-6),
AU9m-5), AU(9m-4), AU(9m-3), AU(9m-2), AU(9m-1), AU(9m) & 9 KOy NEHE SN D
(Fig. 20),

use hecmw

type hecmwST_matrix

integer NDOF V& B R
integer N TNRE
integer NP e
integer NPL U = AR etk
integer NPU | B =Rtk
real (kind=kreal), pointer :: D(NP) S ap=l%a

real (kind=kreal), pointer :: B(NP) VHERT kv
real (kind=kreal), pointer :: X(NP) Vg~ kv
real (kind=kreal), pointer :: AL (NPL) I F =/
real (kind=kreal), pointer :: AU(NPU) | E=AES

integer (kind=kint), pointer :: indexL(0:NPL) | F=MAmSA T 7 A
integer (kind=kint), pointer :: indexU(0:NPU) | E=Fmk%A1 T 7 &
integer (kind=kint), pointer :: itemL (0:NP) |\ TP=594 ¥ 7 & 74
integer (kind=kint), pointer :: itemU(0:NP) BEEi e a7

Fig. 18 REATHIOKM (CRS )
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111 1 3| 4

2 2 2 13|65

311 4 4 5

4 9 3 10

5 32 4 2

6 1 5 6 7
711 1 1|8
8 3 5| 6 2

NP, NPL, NPU 8, 10, 12

D {1,2,4,3,4,6,1,2}

AL {1,9,32,1,5,1,1,3,5, 6}
indexL {0: 0,0,1,2,3,5,7,10}

i temL {1,2,3,2,4,1,3,2,4,5}

AU {1,3,4,2,3,5,4,5,10,2,7, 8}
indexU {0: 3,6,8,9,10,11,12,12}

i temU {3,5,6,4,56,57,6,7,8, 8}

Fig.19  Example of Coefficient Matrix in CRS Format (1D, 8x8)

k-th element k-th element
(2D) (3D)

Fig.20  Block Storage in CRS Format
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(2) NS A—BDEE

HEC-MW (233 1F BRI Y V3 —"TlX, hecMAT%larray, hecMAT%Rarray & V9 3&E5AI 3254
TPDRT A= HORFNHEINTEY, ZTNOLOEEZERTHZ LITL-T, BIED
IR, IHHEZ FE T 5, LLFICHENNT A =2 DONEZRT,

hecMAT%larray (1)
FARIRE (W), 7 7 /v ME=100

hecMAT%larray (2)
KRS (WZE) @ 1:CG, 2:BiCGSTAB, 3:GMRES, 4:GPBiCG

hecMAT%larray (3)

AR FIE (WZH)
e 1:(B)IC(0), 2:(B)SSOR(0), 3 : (B)DIAG,
e 10:(B)IC(0), 11: (B)IC(1), 12: (B)IC(2),
o 21:SAI (Sparse Approximate Inverse)

HE D) RTPEETFRE & RAEMRE O RTREZR M AA DR IL [Table 5] IR L7z ThDH, T
USNDOEAITET— 275,

H2)  REEE LT SAL 23 5581%, HEESEICB T 24— 1"—F v RIS % 2]
WZ L7 TEZe b2,

hecMAT%larray (4)
NSET (4%8)
o 0:fIOTYINAN—EIESEA (default)
o -1 ATHONENEDL>T2HE
o +l: FRROWVWTNTHRWVWEGS

hecMAT%larray (5)
Additive Schwartz O#V K LI (WH)

S22 NBTTO (T 740 ME=0)

hecMAT%larray (6)
7 v 7 EAyZERIE (fifk L LT GMRES 2R L7=8A 0 &) (57 4 /L ME=10)
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hecMAT%larray (21)
VO AS—IUHIERE ) OAFEE (1:YES, 0:NO (F 7 4/V MH))

hecMAT%larray (22)
VUSSR ) OFHE (1:YES, 0:NO (F 7 /L MH))

hecMAT%Rarray (1)
A, b RRE (WAH), (57 4/ Mi=1. d-08)

hecMAT%Rarray (2)
=1.d0 ()

hecMAT%Rarray (3)
=0.d0  ([ExE)

hecMAT%Rarray (4)
SAT /3T —A—#%@D (THRESH), AALELE LT SAT Z4EH L7=H4 (57 4/ MiE=0. 10)

hecMAT%Rarray (5)
SAT /X5 — A —%@ (FILTER), BIALEEE LT SAT Zfif L7284 (57 4 /L ME=0. 10)

hecMAT%Rarray (11)
% RIROMIAFIZ AN DT VT o1 (T 7 /v ME=10%)

HEC-MW Zf#i F L CRAFE S /-0 H A R EZRIEIC XL 5 =R oe MMt = — K [FrontSTR] T

X, TNHEDORTA—=FZEZHE 7 7 A NLNLERTEDLLIICKR-TWDS, T
[FrontSTR] Ff~=a 7 VAR I\,
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3) RY MLBZR—/\—a Y FEa—4[AFIIL—F2IZDNT

N P ZA—N—a Vo —2 2 REHMT 581203, UTHIx[~7 P loFHEX
FATE DAL —TIZBNT, ZON—TEVRELS 25 X5 REFNNZRTH 2 0LE )1 &
5o UFORIFBATL—F L 4RI U —ADNRY MAFIA—/R—a B a—HZaifL—
FUENENDORHEDHETH 5,

[ BITOFE ] [ ik ]
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8

N
A 4
N

w
A 4
w

A 4

IN
A\ 4
I

5 5
n
>
6 6
7 7
8 8

KHIFG MR, TNEFNOFEOT —F OMIERF2F L TV 5D,

FOBIO X E=ARDOHRITIER LTca ., AR OBIATO 15 TIRESIEFE D175
22y TIERER T2, ZOHETEINV—TEORKEIL TEHERS O L72o>T
LEY, TNEAKO L IICRO FIICERZREW DL LD, (THOEMRT v 77 AxHE
Lic, THMRLLTFOEWMY T N—F o Thd :

hecmw_mat_conv

BB, TAVIT A4 TIZONWTI—FREE R LR ICEEI R DLERH D, TUL,
TAVITATIEZDOa A TOFH - "=V ary, HOWIELEZDYY U DA—T
—WCKVRRLZENFETHINDOTHD, HLLIFZOREIIS LT~y =a T LV ES
Iz,

F4L T4 (NEC FORTRAN9O/SX DIZE):

SRICEROFERFELLGVDTRIMNLEE £— ICDIR NODEP
ROWL—TEFAEBNGEVDTRIMNUEEZZE L& &~ ICDIR NOVECTOR
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2.3 API
BT I—F L OFEOH L APT 2 LL FITR1,
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hecmw_solve 11

MY s— A HiRdz) 1 HHRE) ZFOHLET,

subroutine hecmw_solve_11(mesh, matrix)

type(hecmwST_local_mesh) :: mesh

type(hecmwST_matrix ) I matrix

518

mesh
Ay ¥ a T — 2 OIS
matrix
< MU 7 2AF =4 B L O S —HIEIE R ORI

SRBA
o MIEYVIANR— (1HiSH-0 1HHBE) Z0HLET,
o R~ MU RTETHER, ALY b, VAAR—HEEERITET

Mmatrix| (ZEAN S TWVET,
o [matrix] ONFIZOWTIE, [22] 2T&EL7ZE0,
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hecmw_solve 22

MY s— A HiRdz) 2 BHE) ZFOHLET,

subroutine hecmw_solve_22(mesh, matrix)

type(hecmwST_local_mesh) :: mesh

type(hecmwST_matrix ) I matrix

518

mesh
Ay ¥ a T — 2 OIS
matrix
< MU 7 2AF =4 B L O S —HIEIE R ORI

A
o MEYNAN— AHiRDHIZY 2HHE) ZFOHLET,
o RE~ LU 7 RICETHIER, HiANT M, VA S—Hil{EE#RIZ4 T Tmatrix]

IR S LTV ETS,
. Mmatrix)] OHNEIZOWTIE, [22) 2ZELZEN,
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hecmw_solve 33

MY s— AHiRdz) 3 HHE) ZFOHLET,

subroutine hecmw_solve_33(mesh, matrix)

type(hecmwST_local_mesh) :: mesh

type(hecmwST_matrix ) I matrix

518

mesh
Ay ¥ a T — 2 OIS
matrix
< MU 7 2AF =4 B L O S —HIEIE R ORI

A
o MEYNAN— AHiKHIZY 3HHE) ZFOHLET,
o RE~ LU 7 RICETHIER, HiANT M, VA S—Hil{EE#RIZ4 T Tmatrix]

IR S LTV ETS,
. Mmatrix)] OHNEIZOWTIE, [22) 2ZELZEN,
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hecmw_barrier

MPI 7 2 & ZD[RIFID 7= > D Barrier #5%7E L £,

subroutine hecmw_barrier(mesh)

type(hecmwST_local_mesh) :: mesh

518

mesh
XMRETHaIa=mlhr—2a I —TDRA v 2T —HOKNE

58

e WA 5HIE, MPI_BARRIER ZFFONM LTV E T,
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hecmw_allREDUCE_R

FEAEE 71T FEAR T VOB L Ty m— LA 2 FE i L £,

subroutine hecmw_al IREDUCE_R(mesh, VAL, m, FLAG)

type(hecmwST_local_mesh) :: mesh
integer(kind=kint) :: m, FLAG

real(kind=kreal) :: VAL
or
real(kind=kreal), dimension(m) :: VAL

51
mesh
MG THalamlr—val I A—TDAy v aT —F O
VAL
R LT DEENRT MV (FTTA ST —)
m
NI IVDFA X (AT —DEEIT 1)
FLAG
7 — VB ORI A
hecmw_sum ¥WoFn
hecmw_min i/ IME
hecmw_max e KAE
B L)

e WA 5HIE, MPI_ALLREDUCE # MO LTV ET,
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hecmw_allREDUCE__

RN F I THEHL AN PV OB L TO e — Vel R 2 E i L £,

subroutine hecmw_al IREDUCE_I(mesh, VAL, m, FLAG)

type(hecmwST_local_mesh) :: mesh
integer(kind=kint) :: m, FLAG

integer(kind=kint) :: VAL
or
integer(kind=kint), dimension(m) :: VAL

51
mesh
MG THalamlr—val I A—TDAy v aT —F O
VAL
KR LT DAY MV (ETITA T T—)
m
NI IVDFA X (AT —DEEIT 1)
FLAG
7 — VB ORI A
hecmw_sum ¥WoFn
hecmw_min i/ IME
hecmw_max e KAE
B L)

e WA 5HIE, MPI_ALLREDUCE # MO LTV ET,
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hecmw_bcast R

FHIE = TEIAN 7 MR 2T a ey IR LE T,

subroutine hecmw_bcast R(mesh, VAL, m, nbase)

type(hecmwST_local_mesh) :: mesh

integer(kind=kint) :: m, nbase

real(kind=kreal) :: VAL
or
real(kind=kreal), dimension(m) :: VAL

5%
mesh
MGEETHAI 2= a I N—TDRA Yy aT —F DKL
VAL
MR ETDEERT bV (7R T—)
m
X7 MDY A X (AHT7—DOHEIL 1)
nbase
FIETLDO PE D72 ID (026 BH4A)
& A

e  WNEIBIE, MPIL_BCAST Z#FEFOVHH LTV ET,
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hecmw_bcast_|

BRI R3S~ MUEze27 ety PICERE LET,

subroutine hecmw_bcast I(mesh, VAL, m, nbase)

type(hecmwST_local_mesh) :: mesh
integer(kind=kint) :: m, nbase

integer(kind=kint) :: VAL
or
integer(kind=kint) , dimension(m) :: VAL

5%
mesh
MGEETHAI 2= a I N—TDRA Yy aT —F DKL
VAL
KNG LT HHEEAR T MV (ETFA B T—)
m
X7 MDY A X (AT —DEEIL 1)
nbase
FIETLDO PE D72 ID (026 BH4A)
& A

e  WNEIBIE, MPIL_BCAST Z#FEFOVHH LTV ET,
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hecmw_bcast C

Character ZZ 4t & 72 1% Character Z#~7 M Eix 27 ot v HIZEE L ET,

subroutine hecmw_bcast I(mesh, VAL, m, LEN, nbase)

type(hecmwST_local_mesh) :: mesh

integer(kind=kint) :: m, length, nbase

character (length=LEN) :: VAL
or
character (length=LEN), dimension(m) :: VAL

518
mesh
MR DLaAIamr—va I N—TDRA Y aT — X O
VAL
*f5: &9 % Character £~ ~L (L72IEAT T —)
m
NI MDY AR (AT —DHEE 1)
LEN
Character £ D 5K
nbase
¥ETXOPE D7t 2 ID (0 72>5B48)
B1LL]

e  WNEIBIE, MPIL_BCAST Z#FEFOVHH LTV ET,
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hecmw_update 1 R

F— R =T T BT 5 EHRT ML QHEHT-Y 1 BHE) OfEA, fEEEF®EEIC
KXoTHEHLET,

subroutine hecmw_update_1 R (mesh, VAL, N)

type(hecmwST_local_mesh) :: mesh
integer(kind=kint) :: N
real (kind=kreal), dimension(N) :: VAL

g8
mesh
Ao T —H DA
VAL
LT FVE
N
X7 "RvOYA X
Bl
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hecmw_update 2 R

F—R—F o T BT 5 EHRT ML QHEHT-Y 2 BHRE) OfEA, fEEEF®EEIC
KXoTHEHLET,

subroutine hecmw_update_2 R(mesh, VAL, N)

type(hecmwST_local_mesh) :: mesh
integer(kind=kint) :: N
real(kind=kreal), dimension(2*N) :: VAL

g8
mesh
Ao T —H DA
VAL
LT FVE
N
X7 "RvOYA X
Bl
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hecmw_update 3 R

F— R —F o FEICB T HEHART FL QHEHT-Y 3BHE) OfEE, fEEE®EEIC
KXoTHEHLET,

subroutine hecmw_update_3_R(mesh, VAL, N)

type(hecmwST_local_mesh) :: mesh
integer(kind=kint) :: N
real(kind=kreal), dimension(3*N) :: VAL

g8
mesh
Ao T —H DA
VAL
LT FVE
N
X7 "RvOYA X
Bl
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hecmw_update m_R

F—R—F o FERICB T HFEHRT FL AL EEHTZY m BHE) OEZ, FEEEE
WL THEHLET,

subroutine hecmw_update_2 R(mesh, VAL, N, m)

type(hecmwST_local_mesh) :: mesh
integer(kind=kint) :: N, m
real(kind=kreal), dimension(2*N) :: VAL

518
mesh

Ay ¥ a T — 2 OIS
VAL

FHA~ T FVE
N

X7 MDY AR
m

Himd- 0 OHBEK
B1LL]
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hecmw_solve direct

ELEVERTE Y L R—Z RO L £,

subroutine hecmw_solve_direct(mesh,mat,msg)

type(hecmwST_local_mesh) :: mesh
type(hecmwST_matrix) ::mat

g8
mesh
A2 T = S ORI RITR SO B %1 5)
mat
11517 — 4
Bl

AIREFRIEDO T 0 7T MZBWTIRR—VRIO X5 V=T BFET 5, BEEOITS Y
NR—=%FHT DIZEL TL—IZH b E THUNII L —F VAT Z LI L VR L
WEHRZITR D, BIAITATHNOMEITE L 2 < AL NERISR D K 9 ek, gL —
F o (nufet) ZFFO T Z LITET, KL —F 280 KSR T L 5127 5%,
ZDOXDITHEBEEY NV R=TIEL 3 OD—F D API BMFET D,

Z OHIEI D72 D12 matblarray (97) & mathlarray (98) 23ME DL TN 5,

mat%larray (98)=0: matini [ZFEONH X720,
mat%larray (98)=1: matini ZFEOH 3

mat%larray (97)=0:nufct0 [LFEONH Z 720,
mat%larray (97)=1:nufct0 ZFEONH 4
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matini

175 DA
nufct0

D DfE
nusol

X : FEM 7" & 25 X Ol
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hecmw_solve direct_parallel

A HNEBHERIE Y LR —Z PO L E 9,

subroutine hecmw_solve_direct_parallel (mesh,mat,msg)

type(hecmwST_local_mesh) :: mesh
type(hecmwST_matrix) ::mat
integer(kind=kint) :: msg

g8
mesh
Ay a T — 2 DRSEWRIT S0 B KA 135)
mat
1187 — %
msg
A=V T 7 A VIEERS
H L

mpirun Z CHRE SN 7 0t A CIWHIFHE 2TV ET, SERENT Y VS —NECFT
DT, Ay vaT—FIIREERA vy a2 HNET, EIRSENL 0B AV IEL T
b, FHEEEEZa P — LT a AR —DOFET HT20, £IKT 2+l [
(3,5,9, 17 ) 7B ANMEL 720 £, DERMPHEZ D> THFT B AREMNT S
AV BRI LETH, arbe—AFavZANMERAT L AT ) BN L0, MHE
DR E ZZxF LT 2 7 m 2 AHAHEE L TRFIW, fTHIVNS T Todlic ki L
e, EERNIICE T — 2R R L TR TLET,

Kfigth, 27 v ANEUMRT MLERLET,

I NARERFOHTHNCRD oD 7 7 7 2R EL TBWTFEW,
mat%larray (98)=1: matini ZFFONH T (ITHIDFREZIT D)
mat%larray (97)=1: nufct0 ZFEONHS (741D LU 535447 9)

Y VNEMEON L2tk B2 HI0CTHERMEEZIT O HAIE, ERio 20777
O WCRELELETHEYAARZIFOHLTFEN, A v o FOTHIEEOENEE S
NAGE OFRIIIIRE L TWER A,
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24 TS5 —Ayt—

#### HEC-MW-SOLVER-E-1001
inconsistent solver/preconditioning
BOAEREE, ALBELTFIEOMAEDENRIEL 220,

#### HEC-MW-SOLVER-E-2001
ZERO component in diagonal block
KA 0 NEFEINLTND,

#i## HEC-MW-SOLVER-W-2002
ZERO RHS norm
FLDRT FAD VAR 0 ThD (LD THREMKES .,

#### HEC-MW-SOLVER-W-3001

not converged within ceratin iterations
FE RN Lg vy (45 0 2 TEHRMESE) o
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